Langevin equations for the self-thermophoretic dynamics of Janus motors partially coated with an absorbing layer that is heated by a radiation field are presented. The derivation of these equations is based on fluctuating hydrodynamics and radiative heat transfer theory involving stochastic equations for bulk phases and surface processes that are consistent with microscopic reversibility. Expressions for the self-thermophoretic force and torque for arbitrary slip boundary conditions are obtained. The overdamped Langevin equations for the colloid displacement and radiative heat transfer provide expressions for the self-thermophoretic velocity and its reciprocal contribution where an external force can influence the radiative heat transfer. A nonequilibrium fluctuation formula is also derived and shows how the probability density of the Janus particle displacement and radiation energy transfer during the time interval [0, t] are related to the mechanical and thermal affinities that characterize the nonequilibrium system state.
I. INTRODUCTION
The response of fluid mixtures to both concentration and temperature gradients is well known and is embodied in the linear laws for the particle and heat fluxes. In addition to direct effects involving the diffusion and heat conductivity coefficients, these fluxes contain cross Onsager coefficients that describe the thermal diffusion or Soret effect, where a concentration flux is generated by a temperature gradient, and the reciprocal Dufour effect where a heat flux is produced by a concentration gradient [1] . Analogous phenomena occur in colloidal suspensions subjected to temperature gradients. In such systems the movements of colloidal particles are attributed to thermophoresis where the temperature gradient on the surface of the colloidal particle induces a fluid slip velocity that is responsible for particle motion [2] [3] [4] . Because thermophoresis involves a delicate interplay among surface forces, surface transport processes and temperature gradients, aspects of the mechanism remain the subject of current research being carried out from a number of different perspectives [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
In colloidal motion driven by self-thermophoresis, typically a colloidal particle is partially coated by a material that absorbs radiation and produces an inhomogeneous temperature field in the vicinity of the particle. As for the case of an externally applied temperature gradient, the self-produced temperature gradient leads to a velocity slip on the colloid surface that is responsible for its self-propulsion. The self-thermophoretic propulsion of spherical Janus and other colloids has been studied experimentally [16] [17] [18] and by simulation [19, 20] . The full elucidation of the self-propulsion mechanism and its description also involve challenging issues that stem from the processes that occur on the surface of the colloid. Since the colloidal particles are small, often with micrometer or sub-micrometer linear dimensions, it is also important to take thermal fluctuations into account in complete treatments of the dynamics.
In this paper, we adopt an approach based on fluctuating hydrodynamics and radiative heat transfer theory in order to construct Langevin equations for the force and torque on a Janus colloid, in the presence of a radiation field that heats the partially coated surface of the particle and an external force and torque. Section II presents the fluctuating Navier-Stokes and heat equations in the bulk phase, along with the stochastic equations at the surface that are consistent with microscopic reversibility. The Langevin equations for the force, torque, and heat transfer are given in Sec. III and involve the thermophoretic force and torque that are responsible for the active motion of the Janus colloid. The corresponding coupled overdamped equations in Sec. IV for the colloid position and radiative heat transfer contain the self-thermophoretic velocity and its reciprocal effect. This section also presents a nonequilibrium fluctuation formula for the joint probability of the colloid displacement and the radiation energy transfer. Numerical results on self-thermophoretic enhancement of diffusion and propulsion when the motor orientation is controlled by an external magnetic field, and the stalling of motor motion by application of an external force and external torque, are given in Sec. V. The summary and perspectives on this work are presented in Sec. VI. Results for the thermophoretic velocity for a Janus colloid subject to an external temperature gradient are discussed in Appendix A, while a method for simulating the Langevin equation is given in Appendix B.
II. FLUCTUATING HYDRODYNAMICS AND RADIATIVE HEAT TRANSFER AT AN INTERFACE
We consider a Janus particle in a fluid and heated by thermal radiation. The particle is solid, has a spherical shape, and is capped by a thin hemispherical layer of material that absorbs electromagnetic radiation. The Janus particle moves in a fluid that also serves as a heat bath. This system is subjected to thermal radiation at temperature T 0 . Both the fluid and the bulk of the Janus particle are assumed to be transparent to the electromagnetic radiation. Consequently, radiation is only absorbed by the hemispherical cap of the Janus particle, which is locally heated, causing a temperature profile around the Janus particle. The resulting component of the temperature gradient that is parallel to the fluid-solid interface induces a velocity slip between the solid particle and the fluid, which leads to propulsion of the Janus particle by thermophoresis.
In this mechanism, radiative heat transfer generates the temperature in the system, which is coupled to the fluid flow around the particle. Therefore, the description of the processes involved in this mechanism requires the determination of the fluid velocity field from the Navier-Stokes equations and the temperature field from the heat equation, both being coupled by boundary conditions that account for thermophoresis. The aim of this work is to obtain the Langevin equations that describe the stochastic motion of the Janus particle starting from fluctuating hydrodynamics that incorporates the effects of thermal fluctuations in the system, coupled to the radiative heat transfer from the external source of the thermal radiation.
A. Stochastic equations for the bulk phases
The velocity field
The fluid is assumed to be incompressible so that the velocity field v obeys ∇ ∇ ∇ · v = 0 and the mass density ρ is everywhere constant in time. In the fluid, the velocity field satisfies the fluctuating Navier-Stokes equations
where the pressure tensor is expressed as P = P 1 + Π Π Π in terms of the hydrostatic pressure P and the viscous pressure tensor [21] [22] [23] [24] 
where η is the shear viscosity and π ij are Gaussian white noise fields characterized by π ij (r, t) = 0 and
where k B is Boltzmann's constant. The radius of the Janus particle is denoted by R. The position of the Janus particle center of mass, its translational velocity, and its angular velocity are respectively denoted R(t), V(t), and Ω Ω Ω(t). Thus, inside the solid Janus particle for r − R(t) < R, the velocity field is given by [25] 
2. The temperature field
The heat equation for the temperature field T has the form
expressed in terms of the specific heat capacity c V and the heat current density given by Fourier's law
where κ is the heat conductivity and η η η q is a vector of Gaussian white noise fields obeying η qi (r, t) = 0 and
and φ = j e · E E E is the heating power density of radiation due to the effect of the time-dependent electric field E E E on the electric current density j e . We note that the term −Π Π Π : ∇ ∇ ∇v in the right hand side of Eq. (5) describes heating due to shear viscosity in the fluid, but it is vanishing in the solid particle. The heat conductivity is denoted κ + for the fluid and κ − for the solid.
B. Stochastic equations at the interface
Interfacial radiative heat transfer
Since the bulk solid and fluid phases are transparent to radiation, heating by radiation is concentrated on the thin absorbing layer of the Janus particle, so that the heating power density is given by φ = φ s δ s (r, t), where φ s has the units of a power per unit area and δ s (r, t) is the interfacial Dirac distribution [26] . According to the Stefan-Boltzmann law of grey-body thermal radiation, the net radiative heating power per unit area is given by
where ǫ < 1 is the dimensionless emissivity of the absorbing layer, σ = 5.67 × 10 −8 W/(m 2 K 4 ) the Stefan-Boltzmann constant, T 0 the temperature of the black-body radiation source, and T the local temperature of the thin absorbing layer. The quantity φ s has the units W/m 2 . Since heating by radiation is a stochastic process, the added Gaussian white noise term ξ
where
is the coefficient determining the interfacial diffusivity of radiation that is absorbed and emitted by the thin absorbing layer. This coefficient is obtained as follows. In the same way as the fluctuations of energyÛ have a variance given by Var(Û ) = k B T 2 ∂ Û /∂T in the Gibbsian canonical equilibrium ensemble, the fluctuations of the energy radiated by a black-body per unit time and unit area has mean value R = σT 4 and variance Var(R) = k B T 2 ∂ R /∂T = 4k B σT 5 . For a grey-body, this quantity should be multiplied by the emissivity. Moreover, the variances of the absorbed and emitted thermal radiation energies should be added. Now, the net energyÊ transferred from radiation to an area ∆Σ of the thin absorbing layer during the time interval ∆t is given by ∆Ê = ∆t dt ∆Σ dΣ φ s . According to Eqs. (8) and (9), the mean value and the variance of this net fluctuating energy are given by ∆Ê = ǫσ(T In the following, any field a is denoted a + in the fluid and a − in the solid. The velocity field v + in the fluid obeys the fluctuating Navier-Stokes equations (1) and the velocity field v − is given by Eq. (4). If n denotes a unit vector normal to the interface, the normal component of the velocity field obeys the boundary condition
for r − R(t) = R. This boundary condition does not determine the velocity slip,
which is oriented in the direction parallel to the interface and is coupled to the tangential gradient of temperature by thermophoresis. The thermophoretic coupling is established by interfacial nonequilibrium thermodynamics [26] [27] [28] [29] according to the following phenomenological linear relations:
where 
without coupling between the noise fields because of the antisymmetry (15) of the Onsager-Casimir reciprocal relation. The linear response coefficients can be written as
in terms of the coefficient of sliding friction λ of Ref. [30] , the interfacial heat conductivity κ s , and the thermophoretic constant b q . Moreover, the slip length is defined as b = η/λ. Accordingly, the boundary condition for the tangential component of the velocity field is given by
for r − R(t) = R, where v = v + and T = T + .
Temperature boundary condition at the fluid-solid interface
In the framework of interfacial nonequilibrium thermodynamics [26] , the boundary condition on the temperature field is determined by considering the balance equation for the excess surface density e s of energy at the interface:
is the interfacial velocity and J s q is the heat surface current density given by Eq. (14) . Since the heat current densities in the fluid and the solid, J ± q , are given by Eq. (6), Eq. (21) constitutes a boundary condition on the temperature fields T ± across the interface. If changes in the excess surface energy density and heating due to sliding friction are assumed to be negligible, the standard boundary condition is recovered for the temperature field:
q are the heat current densities (6) on both sides of the interface.
The thermophoretic constant in the thin-layer approximation
According to Refs. [31] [32] [33] , the thermophoretic constant b q is given by
with
for n = 0, 1, where ∆h(z) = h(z) − h bulk is the excess enthalpy density at height z above the surface, defined as the difference between the local enthalpy h(z) modified due to the interaction of the fluid with the surface through some interaction potential u(z), and the bulk value of the enthalpy density h bulk . In the special case where the fluid is a dilute gas, the molecular density behaves as n(z) ∼ exp[−βu(z)], so that we have
showing the analogy with the diffusiophoretic constant [4] .
III. FORCE, TORQUE, AND HEAT TRANSFER RATE
A. The motion of the Janus particle
In this section we present equations of motion for the Janus particle due to its interaction with the surrounding fluid and heating by radiation of both the particle and the fluid. Through thermophoresis, heating determines the slip velocity between the particle and the fluid. In turn, the fluid exerts a force at the surface Σ(t) of the particle. The techniques used to obtain the stochastic equations of motion closely parallel those for diffusiophoresis so the presentation given below will focus on new aspects that arise in the treatment of thermophoresis.
The force on the Janus particle can be expressed in terms of the surface integral of the fluid pressure tensor entering Navier-Stokes equations (1) . Including the presence of an external force F ext , Newton's equation for the Janus particle reads
where M = V(t) ρ solid dr is the mass of the Janus particle, ρ solid being its mass density [24, 25] . In addition, the fluid exerts a torque on the Janus particle and its angular velocity obeys the equation,
where the inertia tensor I of the Janus particle has the components I ij = V(t) ρ solid ∆r 2 δ ij − ∆r i ∆r j dr with ∆r ≡ r − R(t), and T ext is an external torque [34] [35] [36] [37] . Furthermore, the Janus particle is driven out of equilibrium, not only by the external force F ext , but also by the radiative heat transfer. Accordingly, the above equations of motion are coupled to the overall radiative heat transfer given by
where the surface integral is carried out over the absorbing hemisphere of the Janus particle. In order to obtain the right sides of these equations, the fluid velocity field and the temperature field should be determined by solving the partial differential equations in Sec. II. For this purpose, it is useful to consider the different time scales involved in the motion of the Janus particle, as given in Table I . These time scales should be compared with the observational time scale, which is of the order of seconds.
The shortest time scale is associated with sound, below which the effects of fluid compressibility become observable. Therefore, the system may be considered as incompressible. The time scales of thermalization for the translational and rotational velocities of the Janus particle mark the crossover for the importance of the inertial effects in the movement of the Janus particle. For t ≫ t rot therm and t ≫ t transl therm , the Langevin equations describing the random motion of the Janus particle may be considered as overdamped. For t ≫ t hydro , the memory effects of the fluid flow around the Janus particle become negligible. In this regime, the translational and rotational friction coefficients become time independent and they are respectively given by
and γ r = 8πηR 
for a spherical particle of radius R and hydrophobicity characterized by the slip length b.
Under constant radiation heating, the temperature profile becomes stationary around the Janus particle on time scales t ≫ t th diff , where t th diff depends on the thermal diffusivity D th = κ/(ρc V ). In water at 20
• C, the thermal diffusivity takes the value D th ≃ 1.4 × 10 −7 m 2 /s, giving t th diff ∼ R 2 /D th ≃ 7 × 10 −6 s. In silica, we have D th ≃ 9 × 10 −7 m 2 /s, and thus t th diff ∼ R 2 /D th ≃ 10 −6 s. We note that this time scale is significantly shorter than that associated with molecular diffusivity t mol diff ∼ R 2 /D mol ≃ 10 −3 s, since typically D mol ≃ 10 −9 m 2 /s. It is over this time scale that the concentration profiles become stationary around Janus particles in self-diffusiophoresis. Therefore, the assumption that the temperature profile remains stationary in the frame accompanying the Janus particle in all its translational and rotational movements is very well satisfied, because the time scales of propulsion, rotational diffusion, and translational diffusion are much longer.
The fluid flow is laminar for micrometric particles moving at a self-thermophoretic velocity V sth ≃ 10 µm/s in an aqueous solution, because the Reynolds number is much smaller than unity, Re ≡ V sth R/ν ∼ 10 −5 . In this regime, the Navier-Stokes equations (1) can be linearized by neglecting all the terms that are nonlinear in the velocity field. For the same reason, the dependence of viscosity on temperature is also neglected. Since the Prandtl number of water is Pr = ν/D th ≃ 7, the thermal Péclet number is also smaller than unity, Pe th ≡ V sth R/D th = Re Pr ∼ 10 −4 . Consequently, the advective term an be neglected in the heat equation (5) . Moreover, the heating power due to fluid shear viscosity is also negligible in the laminar regime because it is quadratic in the fluid velocity gradients in Eq. (5). Therefore, the heat equation can also be linearized.
B. Langevin equations
By solving the linear Navier-Stokes equations, we obtain the Langevin equations for the translational and rotational movements of the spherical Janus particle:
in terms of the friction coefficients (27) and (28), and the external and fluctuating forces, F ext and F fl , and torques, T ext and T fl , respectively. The force F th and torque T th due to thermophoresis find their origin in the boundary condition (20) on the tangential component of the velocity field. Around a spherical particle, this boundary condition can be taken into account with methods developed in Refs. [24, 25, 38] and already applied to diffusiophoresis in Refs. [39] [40] [41] . In this way, we find the following expressions:
and
where (·) s = (4πR 2 ) −1 (·) dΣ denotes the average over the surface of the Janus particle. The thermophoretic translational and angular velocities are thus given by
Accordingly, the effects of thermophoresis are determined by the temperature profile at the surface of the Janus particle.
C. Temperature profile around the heated Janus particle
The temperature field around the Janus particle can be obtained using the results of Refs. [16, 42, 43] . Since the Janus particle is axisymmetric, the reference frame used to solve the heat equation can be chosen with its z-axis coinciding with the symmetry axis of the particle and its origin at the center of the particle. The surface of the particle is at the radius r = R and the absorbing layer on the hemisphere with z > 0. The stationary temperature field is thus obtained by solving the following equations:
written in spherical coordinates (r, θ, ϕ). Because of the axial symmetry, the problem is independent of the angle ϕ. The deterministic part of the temperature profile is obtained by neglecting the fluctuations in Eq. (8) . Moreover, the variations of local temperature are usually very small with respect to the temperatures T 0 of the radiation source and T ∞ of the fluid at large distances from the particle. Therefore, the radiative heating power per unit area in Eq. (37) is taken as φ s (θ) = ǫ I H(cos θ), with radiation intensity 
r < R :
where the expansion coefficients take the values,
. At the surface of the Janus particle, the temperature has thus the profile
As a consequence, the mean value of the radiative heating rate is equal to
D. Self-thermophoretic velocity
The self-thermophoretic velocity can be obtained from Eq. (33) using the interfacial temperature profile (42) . Because of the axial symmetry, the velocity is always oriented in the direction of the unit vector u along this symmetry axis and pointing towards the absorbing hemisphere, i.e., the z-axis in the reference frame of previous subsection:
If we suppose that the thermophoretic constant takes the value b C q on the capped hemisphere and the value b N q on the other hemisphere, the magnitude of the self-thermophoretic velocity is found to be
where the ∆ h l quantities are defined by the integrals
in terms of the Heaviside function H h (cos θ), indicating the h = C, N hemisphere.
In the case where the thermophoretic constant is uniform on the entire sphere b
We see that both the mean heating power (43) and the self-thermophoretic velocity (47) are proportional to the radiation intensity I in Eq. (39). According they both vanish at thermodynamic equilibrium. A self-thermophoretic proportionality parameter can be introduced
which depends only on the material properties that are intrinsic to the Janus particle. In addition, for an axisymmetric Janus particle, the self-thermophoretic angular velocity is equal to zero, Ω Ω Ω sth = 0, because the thermophoretic torque (32) vanishes in this case.
The expression for the self-thermophoretic velocity (47) can be compared to the usual thermophoretic velocity of a spherical particle in a temperature gradient, which is given in Appendix A.
IV. COUPLED LANGEVIN EQUATIONS IN THE OVERDAMPED REGIME A. Translation and rotation
In the overdamped limit, the inertial term proportional to the mass M is negligible in the Langevin equation (29) , which reduces to
in terms of the self-thermophoretic velocity (44), the inverse temperature β = (k B T ∞ ) −1 , the translational diffusion coefficient of the particle given by Einstein's formula D t = (βγ t ) −1 , and the fluctuating velocity V fl (t) = F fl (t)/γ t . The self-thermophoretic velocity can be written as V sth = V sth u = χΦ E u in terms of the unit vector u, the mean heating rate (43) , and the thermophoretic parameter (48). The thermophoretic force and the parameter χ remain finite in the limits of perfect stick (b → 0) and perfect slip (b → ∞) boundary conditions.
The inertial term in the Langevin equation (30) is also negligible in the overdamped limit. Since the selfthermophoretic torque is zero, the directional unit vector u obeys
where Ω Ω Ω ext = T ext /γ r is the angular velocity induced by an external torque, if present, and Ω Ω Ω fl (t) = T fl (t)/γ r a fluctuating angular velocity. If the Janus particle carries a magnetic moment µ, the external torque is given by T ext = µ u × B in the presence of an external magnetic field B.
Since the particle is spherical, this equation does not depend on the particle position or the thermal state (if the external torque is spatially uniform). Consequently, this stochastic equation is autonomous and it drives the direction u independently of what happens for translation and heat transfer.
B. Radiative heat transfer
The energy E transferred during the time interval [0, t] between the black-body radiation and the Janus particle is also ruled by a stochastic differential equation:
where Φ E is the mean heat transfer (43), Φ sth a contribution from self-thermophoresis to be determined, and Φ fl (t) a fluctuating rate. The fluctuating rate is a Gaussian white noise that can be expressed as
in terms of the noise ξ s φ on the heating rate per unit area (8) and the surface integral over the capped hemisphere C that absorbs radiation. Since this noise is characterized by Eqs. (9) and (10), its mean value is zero, Φ fl (t) = 0, and its diffusivity is given by
in the approximation where the temperature of the absorbing layer uniformly takes the value T ∞ . We note that the diffusivity D E is usually extremely small for thermal radiation, so that the radiative transfer of energy is practically non-fluctuating.
C. Coupling in the linear regime close to equilibrium
By the fundamental property of microreversibility, we can use the Onsager symmetry principle in order to determine Φ sth in the linear regime. First, we identify the affinities or generalized thermodynamic forces as the mechanical and thermal affinities, respectively given by
These affinities are the parameters controlling how the system is driven away from equilibrium. In the linear regime close to equilibrium, the thermal affinity and the radiation intensity (39) are proportional to the difference between the temperatures of the black-body radiation and the fluid at large distances from the particle, ∆T = T 0 − T ∞ . Taking the temperature of the fluid as the reference temperature T ∞ , the thermal affinity, the mean heating rate (43) , and the diffusivity (53) are approximately given by
In the linear regime, we thus have the approximation Φ E = D E A E as expected. Gathering the variables, the affinities, and the noise terms in the four-dimensional vectors X = (R, E), A = (A mech , A E ), and δJ(t) = [V fl (t), Φ fl (t)], the coupled stochastic equations (49) and (51) can be expressed in the linear regime as
in terms of the matrix of linear response coefficients L and the Gaussian white noise terms δJ(t), satisfying δJ(t) = 0 and δJ(t) δJ(t
, where the superscript T denotes the transpose. Since the variables R and E are even under time reversal, the matrix L must be symmetric in order to satisfy Onsager's reciprocal relations. Consequently, we deduce that
where 1 is the 3 × 3 identity matrix. In order to satisfy the second law of thermodynamics, this matrix must be non-negative and, thus, the diffusivities satisfy D t ≥ 0, D E ≥ 0, and D t ≥ χ 2 D E . As a consequence of Eqs. (56) and (57), the coupled stochastic differential equations for the position R and the energy E are given by
with the fluctuating velocity V fl (t) and the fluctuating rate Φ fl (t) given by coupled Gaussian white noise processes characterized by
As required, Eq. (58) is identical to Eq. (49) since V sth = χΦ E . We emphasize that Eqs. (58) and (59) are coupled to Eq. (50) for rotation. Although the self-thermophoretic velocity given by the first term in the right hand side of Eq. (58) is observed in the experiments of Refs. [16] [17] [18] , the reciprocal effect in principle described by the second term of Eq. (59) should be practically unobservable since the radiation diffusivity D E is usually very small. This situation is in contrast to the mechanochemical coupling in self-diffusiophoresis, which leads to observable effects [39, 40, 44] .
D. Bivariate fluctuation relation and entropy production
As for self-diffusiophoresis in Ref. [39] , a fluctuation relation can here also be established for the stochastic process ruled by Eqs. (50), (58), and (59). The Fokker-Planck equation governing the time evolution of the probability density p(R, E, u; t) can be written as
with the current density
expressed in terms of the matrix (57) of linear response coefficients, the rotational diffusion coefficient D r = (βγ r ) −1 , and the operatorL
where U r = −µ B · u is a rotational energy associated with the external torque exerted on the particle by an external magnetic field B.
Modifying the Fokker-Planck operator to include parameters counting the displacement and the energy transferred as carried out in Ref. [39] , we obtain the following fluctuation relation
for the joint probability P(R, E, t) = p(R, E, u, t) d 2 u of a displacement R of the Janus particle and the transfer of the radiation energy E during the time interval [0, t].
As a consequence, the thermodynamic entropy production
is non-negative in accordance with the second law of thermodynamics.
V. NUMERICAL RESULTS
Here, the coupled Langevin equations (50), (58), and (59) are simulated with the method described in Appendix B in order to investigate the effects of self-thermophoresis on the stochastic motion of the Janus particle. The results are presented in terms of the following dimensionless variables
and parameters
A. Self-thermophoretic enhancement of diffusion
In the absence of an external force and an external magnetic field, (F ext = 0, B = 0), the self-thermophoretic propulsion combined with rotational diffusion without a preferred orientation has the effect of enhancing translational diffusion. Indeed, integrating Eq. (58) with F ext = 0, we obtain the following effective translational diffusion coefficient
where the limit is reached beyond the time scale of rotational diffusion t rot diff = (2D r ) −1 . Without self-thermophoretic activity (Φ E = 0), the coefficient D t for passive diffusion is recovered. With self-thermophoresis, the effective diffusion coefficient increases quadratically with the heating rate Φ E and the self-thermophoretic parameter (48). As shown in Fig. 1 , this behavior is confirmed by numerical simulations. Figure 1(a) depicts an example of stochastic time evolution for the random variables Z * , E * , and u z , which are respectively the third component of position R * , the transferred energy, and the third component of the unit vector u giving the particle orientation. Since there is no external magnetic field (B = 0), the orientation u has uniform fluctuations in all directions, so that its projection u z has equal fluctuations in opposite directions. Consequently, the displacement remains a random walk, although enhanced by the self-thermophoresis due to radiative heating. The dependence of the effective translational diffusion coefficient on the radiative heating rate is shown in Fig. 1(b) , as computed by simulations (dots) and by Eq. (71) (line), which confirms the theoretical prediction of a enhancement of diffusion that is quadratic in the radiative intensity.
B. Self-thermophoretic propulsion with external control of orientation
In the presence of an external magnetic field B = (0, 0, B) orienting the Janus particle in the z-direction but no external force F ext = 0, the self-thermophoretic propulsion has a persistent effect, causing the displacement of the Janus particle in the mean direction u = (0, 0, u z ) with the mean velocity Figure 2(a) shows an example of stochastic time evolution of the random variables Z * , E * , and u z . Because of the presence of the external magnetic field B = (0, 0, B), the unit vector u is preferentially oriented in the z-direction, which is seen at the bottom of Fig. 2(a) where u z is observed to fluctuate with a higher probability near u z = +1 than near u z = −1. As a consequence, the Janus particle undergoes a random drift in the z-direction due to selfthermophoresis by radiative heating. Figure 2(b) confirms the prediction of Eq. (72) that the mean velocity of the Janus particle increases linearly with the radiative heating rate Φ E * and with the magnitude of the rescaled external magnetic field βµB, which enhances the orientation of the Janus particle and thus its propulsion.
C. Motor stall by an external force with controlled orientation
In the presence of both an external force F ext = (0, 0, F ) and an external magnetic field B = (0, 0, B), the Janus particle is not only oriented in the z-direction, but is also driven by the external force. The unit vector giving the orientation of the Janus particle is polarized on average in the direction of the external magnetic field, u = (0, 0, u z ), where u z is given in Eq. (72). Therefore, the mean values of Eqs. (58) and (59) give
As expected, the mean velocity in the direction of the magnetic field now has two contributions: those from selfthermophoresis and the external force. Consequently, the motor stalls at the critical value F stall = −χ Φ E u z /(βD t ) of the external force. Furthermore, the mean value of the radiative heating rate also depends on the external force because of the Onsager reciprocal relations. Figure 3 confirms these theoretical expectations by numerical simulations. In this figure, we observe that the mean velocity in the direction of the magnetic field indeed increases with the external force and motor stall occurs at the dimensionless value F * stall = −0.537, as predicted by Eq. (74). In the interval F * stall < F * < 0, radiative heating performs mechanical work on the Janus particle due to the self-thermophoretic coupling, since the mean velocity Ż * is positive although the external force F * is negative. In addition, the radiative heating rate Ė * also increases with the external force due to the reciprocal effect of the external force back onto radiative heating; however, as discussed earlier, this reciprocal effect is very small for self-thermophoresis.
VI. SUMMARY AND PERSPECTIVES
A thermodynamically consistent derivation of Langevin equations for the self-thermophoretic dynamics of Janus motors partially coated with an absorbing layer that is heated by a radiation field was given in this paper, based on fluctuating bulk phase and surface equations. In particular, the surface equations for the surface pressure tensor and heat flux vector are expressed in terms of the slip velocity and surface temperature gradient and are constructed to be consistent with microscopic reversibility. The resulting full Langevin equations allow one to obtain general expressions for the thermophoretic force and torque on the Janus colloid for partial slip boundary conditions. The overdamped Langevin equations for the colloid displacement and radiative heat transfer, which satisfy Onsager symmetry relations as a consequence of microscopic reversibility, show the presence of a reciprocal effect where an external force changes the radiative heat transfer. It was also shown that although this contribution is necessarily present for thermodynamic consistency its magnitude is small, in contrast to self-diffusiophoresis. An explicit expression for the self-thermophoretic velocity for general slip boundary conditions is provided and compared with the analogous expression for thermophoretic motion in an external temperature gradient. The nonequilibrium fluctuation formula provides a relation between the probability density of the Janus particle displacement and the radiation energy transfer during the time interval [0, t] and the mechanical and thermal affinities that characterize the nonequilibrium system state.
The results obtained in this paper should provide the basis for the analysis of experimental and simulation studies of self-thermophoretic motion.
r < R : T − (r, θ) = T 0 + 3κ
Here, T 0 denotes the temperature at the center of the particle. At the surface of the spherical particle, the temperature has the profile T + (R, θ) = T − (R, θ) = T 0 + 3κ
Consequently, the thermophoretic velocity is given by
where g = ∇ ∇ ∇T + is the temperature gradient at large distances from the particle, which confirms the known expression for this quantity [43] .
As expected, both thermophoretic velocity (A7) and the self-thermophoretic velocity (33) are proportional to the thermophoretic constant b q . However, here, the particle is driven away from equilibrium by the temperature gradient instead of the absorbed radiation intensity.
If a colloidal suspension is dilute and subjected to a temperature gradient, the current density of colloids can be expressed as
in terms of the colloidal number density n, the mutual diffusion coefficient D, the thermodiffusion coefficient D T , or equivalently the Soret coefficient S T ≡ D T /D [1, 8, 11, 15, 45] . The diffusion coefficient is given by D = D t = (βγ t )
with the translational friction coefficient (27) . The current density (A8) can also be expressed as J = −D∇ ∇ ∇n + nV th in terms of the thermophoretic velocity (A7). Accordingly, the thermodiffusion coefficient is here given by
and the Soret coefficient by
